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Abstrat
Quantum universal enveloping algebras, quantum ellipti algebras and double (deformed)
Yangians provide fundamental algebrai strutures relevant for many integrable systems. They
are desribed in the FRT formalism by R-matries whih are solutions of ellipti, trigonometri
or rational type of the YangBaxter equation with spetral parameter or its generalization known
as the GervaisNeveuFelder equation. While quantum groups and double Yangians appear as
quasi-triangular Hopf algebras, this is no longer the ase for ellipti algebras and the various
deformations of Yangian type algebras. These strutures are dealt with the framework of quasi-
Hopf algebras. These algebras an be obtained from Hopf algebras through partiular Drinfel'd
twists satisfying the so-alled shifted oyle ondition. We review these dierent strutures and
the pattern of onnetions between them.
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1 Introdution
The quantum generalization of the inverse sattering method by E.K. Sklyanin, L.D. Faddeev and
L.A. Takhtajan gives a unied framework for the resolution of integrable systems and puts in evidene
underlying algebrai strutures [71, 72℄. These strutures appear to be a very powerful tool both
for resolution and onstrution of two-dimensional models in statistial mehanis and in quantum
eld theory. They also lead to the formulation of the lassial inverse sattering problem in an
algebrai way with the formalism of the lassial r-matrix. The quantization of lassial r-matries
yields quantum R-matries [67℄ satisfying the so-alled star-triangle relation, also known as the
YangBaxter equation [16, 74℄.
A partiularly interesting ase is that of R-matries R ∈ End(V ⊗ V ) depending on a omplex
parameter, alled the spetral parameter, where V is a representation of an innite-dimensional
algebra. In [64℄ a rst attempt to give a systemization of the (at this time) known solutions of the
YangBaxter equation with spetral parameter was undertaken. However, the problem of lassifying
suh solutions is not solved yet, and sine this pioneering work no new type of solution has been
found. In fat, the known solutions of the YangBaxter equation with spetral parameter fall into
three lasses: the ellipti ones, the trigonometri ones and the rational ones.
The trigonometri solutions have been used in solvable lattie model, see for example [41, 44, 49℄.
They appear also to be the R-matries used to dene the quantum ane algebras in the FRT
formalism. The notion of quantum ane algebra was introdued in [63, 70℄ for the ŝl2 ase and in
[25, 43, 44℄ for any simple KaMoody ane algebra.
Ellipti R-matries have yielded many algebrai strutures relevant to ertain integrable systems
in quantum mehanis and statistial mehanis, e.g. the XY Z model [45℄, RSOS models [1, 62℄
and SineGordon theory [61, 55℄. In the ellipti ase, the R-matrix assoiated to the eight vertex
model was rst derived by R.J. Baxter [17℄ and generalized to the ZN -symmetri vertex model by
A.A. Belavin [18℄. The vertex-type ellipti R-matrix for sl2 was rst used by E.K. Sklyanin [68, 69℄ to
onstrut a two-parameter deformation of the enveloping algebra U(sl2). The ane version, inluding





12 denotes the R-matrix R12 with a modied ellipti nome p
∗ = pq−2c.
At this level, the oalgebra struture remains undetermined: indeed the fat that the R-matries
R12 and R
∗
12 are dierent prevent the usual oprodut formula ∆L = L⊗˙L from applying. Moreover
a free eld realization of Aq,p(ŝlN) is still missing. The onnetion between the quantum ellipti
algebras Aq,p(ŝlN) and the q-deformed Virasoro and WN algebras [11, 12, 31, 35℄ was established in
[9, 10℄.
Other ellipti solutions, known as the fae-type R-matries, depending on extra parameters λ be-
longing to the dual of the Cartan algebra in the underlying algebra, were rst used by G. Felder
[32℄ to dene the algebra Bq,p,λ(ŝlN ) in the R-matrix approah. This lass of ellipti solutions to the
YangBaxter equation is assoiated with the fae-type statistial models [1, 23, 51℄. B. Enriquez
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and G. Felder [29℄ and H. Konno [62℄ introdued a urrent representation, although dierenes
arise in the treatment of the entral extension. A slightly dierent struture, also based upon fae-
type R-matries but inorporating extra Heisenberg algebra generators, was introdued as Uq,p(ŝl(2))
[47, 62℄. This struture is relevant to the resolution of the quantum CalogeroMoser and Ruijsenaars
Shneider models [8, 14, 52℄. It is worthwhile to notie that the RLL type relations take in this ase
a partiular form, like the YangBaxter equation, where the Lax matries also depend on the extra
parameters λ, and where some shifts along the Cartan generators our. As in the vertex ase, the
oalgebra struture was undetermined.
This problem was solved in [48℄ both for the vertex-type and for the fae-type ellipti algebras.
O. Babelon [13℄ was the rst to suggest that the notion of quasi-Hopf algebra was the right frame-
work to deal with suh strutures. Originating with the proposition of [14℄ on fae-type algebras, the
onstrution of the twist operators was undertaken in both ases by C. Frønsdal [36, 37℄ and nally
ahieved at the level of formal universal twists in [7, 48℄. In [7℄, the universal twist is obtained by
solving a linear equation introdued in [20℄, this equation playing a fundamental role for omplex
ontinuation of 6j symbols. Moreover in the ase of nite (super)algebras, the onvergene of the in-
nite produts dening the twists was also proved in [7℄. This led to a formal onstrution of universal
R-matries for the ellipti algebras Aq,p(ŝlN) and Bq,p,λ(ŝlN) in [48℄, of whih the BelavinBaxter and
the AndrewsBaxterForrester 4×4 matries are respetively (spin 1/2) evaluation representations.
Partiularly interesting limits of ellipti or trigonometri R-matries are the so-alled degeneration
or saling limits. The resulting R-matries are rational solutions of the YangBaxter equation. The
saling limit is dened by taking z = qu (spetral parameter), p = q2r (ellipti nome) and w = q2s
(dynamial parameter) with q → 1, keeping u, r and s xed. The degeneray limits of ellipti R-
matries was onsidered either in the vertex ase [46, 61℄ (R-matrix formulation) and [54℄ (urrent
algebra formulation) or in the fae ase [5℄. They give rise to algebrai strutures whih have been
variously haraterized as saled ellipti algebras denoted A~,η(ŝl2), where η ≡ 1/r and q ≃ eǫ~ with
ǫ → 0 [46, 54℄, or double Yangian type algebras [5, 19, 60℄. The algebra A~,η(ŝl2) is relevant to
the study of the XXZ model in its gapless regime [46℄. It admits a further limit r → ∞ (η → 0)
where its R-matrix beomes idential to the R-matrix dening the double Yangian DY (g) (entrally
extended), dened in [53, 60℄.
One must however be areful in these identiations in terms of R-matrix struture sine the gener-
ating funtionals (Lax matries) of these algebras admit dierent interpretations in terms of modes
(generators of the enveloping algebra). Although represented by formally idential RLL type rela-
tions, these two lasses of objets dier fundamentally in their struture: in the ontext of saled
ellipti algebras, the expansion is done in terms of ontinuous-index Fourier modes of the spetral pa-
rameter [54, 61℄, while in the ontext of double Yangian type algebras the expansion is done in terms
of powers of the spetral parameter [53, 60℄. Hene these strutures must be onsidered separately.
It appears learly that the universal algebrai strutures assoiated with any limit of evaluated R-
matries may not be taken for granted, but must be expliitly onstruted. This will be ahieved by
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identiation of these partiular limits as evaluation representations of universal R-matries for the
deformations by partiular Drinfel'd twists [28℄, known as shifted-oyle twists [13, 14℄, of Hopf
algebra strutures. This onstrution systematially endows these deformations with a Gervais
NeveuFelder type quasi-triangular quasi-Hopf algebra struture. It is haraterized by a partiular
form of the universal YangBaxter equation, alled GervaisNeveuFelder or dynamial YangBaxter
equation.
The plan of the paper is as follows. We rst introdue in setion 2 the basi tools neessary for
the desription of the various algebrai strutures we will deal with, espeially the notions of Hopf
algebra, quasi-Hopf algebra and Drinfel'd twist. We also desribe the struture of quantum ane
algebras, in partiular the onstrution of their universal R-matrix and the onnetions between their
various presentations (CartanWeyl basis, Drinfel'd realization, FRT formalism). The setion 3 is
devoted to the quantum ane ellipti algebras of vertex type Aq,p(ŝlN ) and of fae type Bq,p,λ(ŝlN)
and some of their degenerations. Emphasis is given on the struture of these algebras, in partiular
their quasi-Hopf struture. The Drinfel'd twists that onnet them to the quantum group Uq(ŝlN)
are expliitly onstruted following the lines of [48℄. In setion 4, we deal with (double) Yangians and
related strutures. The degeneration limit of Aq,p(ŝlN ), interpreted as a deformed double Yangian, is
shown to be obtained from the double YangianDY (slN) by a Drinfel'd twist of GervaisNeveuFelder
type, promoting the deformed double Yangian as a quasi-triangular quasi-Hopf algebra. A similar
degeneration limit of the fae type ellipti algebra Bq,p,λ(ŝlN) and removing the ellipti dependene
lead to a dynamial double Yangian algebra, whih also exhibits the struture of quasi-triangular
quasi-Hopf algebra. Finally the nature of the degeneration limit of Bq,p,λ(ŝlN) without removing the
ellipti dependene is disussed (dynamial deformed double Yangian).
2 Hopf algebras, quasi-Hopf algebras and Drinfel'd twists
2.1 Hopf algebras
2.1.1 Denitions
Definition 2.1 A unital assoiative algebra A over C is alled a Hopf algebra if it is endowed with a
oalgebra struture: the oprodut ∆ : A→ A⊗A and ounit ǫ : A→ C are algebra homomorphisms,
the produt m : A ⊗ A → A and unit ι : C → A are oalgebra homomorphisms 1, and A is equipped
with an antihomomorphism S : A→ A (antipode), with
(id⊗∆)(∆(x)) = (∆⊗ id)(∆(x)) (∀x ∈ A) (oassoiativity)
(id⊗ǫ) ◦∆ = (ǫ⊗ id) ◦∆ = id
m ◦ (S ⊗ id) ◦∆ = m ◦ (id⊗S) ◦∆ = ι ◦ ǫ
If σ denotes the ip map, σ(x ⊗ y) = y ⊗ x for x, y ∈ A, ∆op = σ ◦ ∆ is the opposite oprodut.
Whenever ∆ = ∆op, the Hopf algebra A is said oommutative.
1ϕ : A→ B is a oalgebra homomorphism if ∆B ◦ ϕ = (ϕ⊗ ϕ) ◦∆A and ǫB ◦ ϕ = ǫA.
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Definition 2.2 A Hopf algebra A is said to be quasi-triangular if it exists an invertible element
R ∈ A⊗ A, alled the universal R-matrix, suh that
∆op(x) = R∆(x)R−1 (∀x ∈ A) (almost oommutativity)
(∆⊗ id)(R) = R13R23
(id⊗∆)(R) = R13R12
It follows that R satises the YangBaxter equation (in A⊗ A⊗ A):
R12R13R23 = R23R13R12 (2.1)
and that
(ǫ⊗ id)(R) = (id⊗ǫ)(R) = 1
(S ⊗ id)(R) = (id⊗S−1)(R) = R−1
(2.2)
2.1.2 Quantum ane algebras Uq(ĝ)
Let g be a nite-dimensional omplex simple Lie algebra and C[z, z−1] be the ring of Laurent polyno-
mials in the indeterminate z. The KaMoody ane algebra ĝ is dened by ĝ = g⊗C[z, z−1]⊕Cc⊕Cd,
c is the entral extension and d is the derivation. Let (Aij) and (A
sym
ij ) be the Cartan matrix and
the symmetrized Cartan matrix of ĝ respetively, where Asymij = diAij and di are relatively o-
prime integers suh that diAij = djAji. If Π̂
0 = {α0, . . . , αr} is a simple root system of ĝ, one has
(Asymij ) = (αi, αj) where ( · , · ) denotes a salar produt on the root spae.
The quantum universal enveloping KaMoody ane algebra  or quantum ane algebra  Uq(ĝ) is
the unital algebra over C(q), the ring of rational funtions in the indeterminate q, with generators
k±i , ei and fi (0 ≤ i ≤ r) suh that
[k±i , k
±








i = 1 [ei, fj] = δij
k+i − k−i
q − q−1 (2.3)









and for i 6= j
(adq ei)
1−Aij (ej) = 0 (adq fi)
1−Aij (fj) = 0 (2.5)
where by denition (adq ei)(ej) = eiej − qA
sym
ij ejei.
The Hopf algebra struture of Uq(ĝ) is given by
∆(k±i ) = k
±
i ⊗ k±i ∆(ei) = ei ⊗ 1 + k+i ⊗ ei ∆(fi) = fi ⊗ k−i + 1⊗ fi
S(k±i ) = k
∓
i S(ei) = −k−i ei S(fi) = fik+i (2.6)
ǫ(k±i ) = ǫ(ei) = ǫ(fi) = 0 ǫ(1) = 1
Let Π̂+ be the set of positive roots of ĝ. One denes a so-alled normal ordering ≺ among the roots
of Π̂+ in the following way: if α, β, α + β ∈ Π̂+ and [α, β] is a minimal segment ontaining α + β,
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then one writes α ≺ α+ β ≺ β. One the generators eαi ≡ ei, e−αi ≡ fi orresponding to the simple
roots are given, the generators orresponding to all positive roots are onstruted by indution as
follows [59℄ (see also [56, 58℄ for the nite ase):
eα+β = [eα, eβ]q = eαeβ − q(α,β)eβeα
fα+β = [fβ, fα]q−1 = fβfα − q−(α,β)fαfβ
(2.7)
if α, β, α+ β ∈ Π̂+ are suh that α ≺ α + β ≺ β.
For any root γ =
∑r






. If γ is a real root, one gets
[eγ , fγ] = ηγ
k+γ − k−γ
q − q−1 (2.8)








n − k−δ n
q − q−1 δm+n,0 (2.9)











n − k−δ n





n(q − q−1) .
The generators e
(i)
nδ are expressed in terms of the eˇ
(i)
nδ generators by means of Shur relations (see [59℄).
The universal R-matrix of the quantum ane algebra Uq(ĝ) has been onstruted in ref. [57, 59℄. It







where the arrow means that the produt has to be done with respet to the normal ordering ≺
dened on Π̂+ and the fators R̂γ and K are given by
R̂γ = expq−(γ,γ)
(
(q − q−1)η−1γ eγ ⊗ fγ
)
(2.12)








nδ ⊗ fˇ j)nδ
)
(2.13)





where hi is suh that k
±
i ≡ q±hi and the matrix (dij) is the inverse of a non-degenerated extension of
the symmetrized Cartan matrix (Asymij ).






where (n)q! ≡ (1)q(2)q . . . (n)q and (k)q ≡ 1− q
k
1− q (2.15)
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2.1.3 The Drinfel'd realization of Uq(ĝ)
There exists another realization of the quantum ane algebra Uq(ĝ) found by Drinfel'd [26, 27℄. Uq(ĝ)




Ki,0 X±j,n = q±A
sym
ij X±j,n Ki,0[Ki,m,X±j,n] = ±qmAsymij − q−mAsymijm(q − q−1) X±j,m+n C∓|m|/2
X±i,m+1X±j,n − q±A
sym
ij X±j,nX±i,m+1 = q±A
sym














[k]q![nij − k]q! X
±
i,mσ(1)
. . . X±i,mσ(k) X±j,nX±i,mσ(k+1) . . . X±i,mσ(nij) = 0 (2.17)
The generators Ψ±i,n are determined by∑
n≥0
Ψ±i,±n z
∓n = K±1i,0 exp
(






and the q-fatorial is dened by [n]q! ≡ [1]q [2]q . . . [n]q and [k]q ≡ q
k − q−k
q − q−1 .
2.1.4 FRT formalism of Uq(ŝl2)
Consider the two-dimensional evaluation representation of ŝl2 with evaluation parameter z, in the
homogeneous gradation given by
πz(e1) = e12 πz(f1) = e21 πz(e0) = ze21 πz(f0) = z
−1e12
πz(h1) = e11 − e22 πz(h0) = e22 − e11 (2.19)
Then the R-matrix of Uq(ŝl2) in the fundamental representation R(z1/z2) = (πz1 ⊗ πz2)R reads
R[Uq(ŝl2)](z) = ρ(z)












0 0 0 1
 (2.20)
the normalization fator being
ρ(z) = q−1/2
(q2z; q4)2∞
(z; q4)∞ (q4z; q4)∞
(2.21)
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The innite multiple produts are dened by (z; a)∞ =
∏
n≥0(1− zan).







































q-detL±(z) ≡ L±11(q−1z)L±22(z)− L±21(q−1z)L±12(z) = 1 (2.24)
where L±1 (z) = L
±(z)⊗ 1, L±2 (z) = 1⊗ L±(z).
The Hopf algebra struture is given by







for the oprodut, S(L±(z)) = (L±(z))
−1
for the antipode and ǫ(L±) = 1 for the ounit.

























the modes of the generating funtions
X+(z) = (q − q−1)−1(e+(qz−)− e−(qz+)) =∑
n∈Z
X+n z−n
X−(z) = (q − q−1)−1(f+(qz+)− f−(qz−)) =∑
n∈Z
X−n z−n (2.28)








with z± = zq
±c/2
satisfy the Drinfel'd relations (2.16) of Uq(ŝl2) [24℄.
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2.2 Quasi-Hopf algebras
Definition 2.3 A unital assoiative algebra A over C is alled a quasi-Hopf algebra if it is endowed
with a oalgebra struture: the oprodut ∆ : A → A ⊗ A and ounit ǫ : A → C are algebra
homomorphisms, the produt m : A ⊗ A → A and unit ι : C → A are oalgebra homomorphisms,
and A is equipped with an antihomomorphism S : A→ A (antipode) and elements α, β ∈ A, and an
invertible element Φ ∈ A⊗ A⊗ A (oassoiator), with
(id⊗∆)(∆(x)) = Φ(∆⊗ id)(∆(x))Φ−1 (∀x ∈ A)
(id⊗ǫ) ◦∆ = (ǫ⊗ id) ◦∆ = id
(id⊗ id⊗∆)(Φ) · (∆⊗ id⊗ id)(Φ) = (1⊗ Φ) · (id⊗∆⊗ id)(Φ) · (Φ⊗ 1)
(id⊗ǫ⊗ id)(Φ) = 1






























i ) = 1











i ⊗ ψ(2)i ⊗ ψ(3)i
The element Φ measures the lak of oassoiativity of the oprodut.
Definition 2.4 A quasi-Hopf algebra A is said to be quasi-triangular if it exists an invertible element
R ∈ A⊗ A, alled the universal R-matrix, suh that
∆op(x) = R∆(x)R−1 (∀x ∈ A)
(∆⊗ id)(R) = Φ(312)R13Φ(132)−1R23 Φ(123)
(id⊗∆)(R) = Φ(231)−1R13 Φ(213)R12 Φ(123)−1
It follows that R satises the generalized YangBaxter equation (in A⊗ A⊗ A):
R12 Φ(312)R13 Φ(132)−1R23 Φ(123) = Φ(321)R23 Φ(231)−1R13 Φ(213)R12 (2.29)








i ⊗ ϕ(1)i ⊗ ϕ(2)i ,
and so on.
Obviously, a quasi-Hopf algebra with Φ = 1, α = β = 1 is a Hopf algebra.
2.3 Drinfel'd twist
The notion of Drinfel'd twist allows one to assoiate to a given quasi-triangular quasi-Hopf algebra
another quasi-triangular quasi-Hopf algebra in the following way. Consider an invertible element
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F ∈ A⊗A suh that (id⊗ǫ)F = (ǫ⊗ id)F = 1 (when A is a quantum universal enveloping algebra,
this means that the leading term in F is 1⊗ 1). One sets
∆˜(x) = F12∆(x)F−112 (∀x ∈ A) (2.30)
R˜ = F21R12 F−112 (2.31)
Φ˜ =



























i ⊗ w(2)i (2.34)
Proposition 2.1 (Drinfel'd) If (A, Φ, ∆, ǫ, S, α, β, R) is a quasi-triangular quasi-Hopf algebra
(QTQHA), then (A, Φ˜, ∆˜, ǫ, S, α˜, β˜, R˜) is also a QTQHA (denoted A˜ for short).
F is alled a Drinfel'd twist.
In the following, we will mainly be onerned with twists of Hopf algebras. From now on, we onsider
the ase where A is a Hopf algebra (Φ = 1, α = β = 1) and F depends on parameters λ ∈ H where
H is an Abelian subalgebra of A.
Definition 2.5 A Drinfel'd twist F satisfying the so-alled shifted oyle ondition (h ∈ H)
F12(λ) (∆⊗ id)(F(λ)) = F23(λ+ h(1)) (id⊗∆)(F(λ)) (2.35)
is alled a GervaisNeveuFelder (GNF) twist.
In the ase of a GNF twist, the oassoiator Φ˜ is given by Φ˜(123) = F23(λ)F23(λ + h(1))−1 (from
eq. (2.32)) and the universal R-matrix R˜ satises the so-alled GervaisNeveuFelder or dynamial
YangBaxter equation [32, 40℄:
R˜12(λ+ h(3)) R˜13(λ) R˜23(λ+ h(1)) = R˜23(λ) R˜13(λ+ h(2)) R˜12(λ) (2.36)
Denoting by πev(x) an evaluation representation of A with evaluation parameter x, the Lax matrix
L˜(x) = (πev(x)⊗ id) R˜ realizes an FRT-type formalism of A˜ with an evaluated R-matrix dened by
R˜(x1 − x2) = (πev(x1)⊗ πev(x2)) R˜. The RLL relations take the form
R˜12(x1 − x2, λ+ h) L˜1(x1, λ) L˜2(x2, λ+ h(1)) =
L˜2(x2, λ) L˜1(x1, λ+ h
(2)) R˜12(x1 − x2, λ)
(2.37)








i and the supersript (k) labels the spae where h ats.
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3 Ellipti algebras
3.1 The quantum ane ellipti algebras of vertex type
The quantum ane ellipti algebra of vertex type Aq,p(ŝl2) was introdued in [33, 34℄ and generalized
to the slN ase in [9, 48℄. The status of this algebra was eluidated in [48℄, where it was shown that
Aq,p(ŝlN) was a QTQHA obtained from Uq(ŝlN) by a suitable Drinfel'd twist.
3.1.1 R-matrix of Aq,p(ŝl2)
The quantum ane ellipti algebra Aq,p(ŝl2) is dened in the RLL formalism. The entries of the
R-matrix of the quantum ane ellipti algebra Aq,p(ŝl2) are given by the Boltzmann weights of the
eight vertex model, solved by Baxter [16, 17℄. Expliitly, this R-matrix reads
R[Aq,p(ŝl2)](z, q, p) = ρ(z, q, p)

a(z) 0 0 d(z)
0 b(z) c(z) 0
0 c(z) b(z) 0






















with Θa(x) = (x; a)∞ (ax
−1; a)∞ (a; a)∞.








(q4z−2; p, q4)∞ (q
2z2; p, q4)∞ (pz
−2; p, q4)∞ (pq
2z2; p, q4)∞
(q4z2; p, q4)∞ (q2z−2; p, q4)∞ (pz2; p, q4)∞ (pq2z−2; p, q4)∞
(3.3)
Proposition 3.1 The R-matrix (3.1) has the following properties:
YangBaxter equation: R12(z)R13(w)R23(w/z) = R23(w/z)R13(w)R12(z) (3.4)
unitarity: R12(z)R21(z
−1) = 1 (3.5)
rossing symmetry: R21(z
−1)t1 = (σ1 ⊗ 1)R12(−q−1z)(σ1 ⊗ 1) (3.6)
antisymmetry: R12(−z) = −(σ3 ⊗ 1)R12(z)(σ3 ⊗ 1) (3.7)
where σ1, σ2, σ3 are the 2×2 Pauli matries and ti denotes the transposition in the spae i.
The proof is straightforward by diret alulation.
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3.1.2 RLL relations for Aq,p(ŝl2)
For the denition of the quantum ane ellipti algebra Aq,p(ŝl2), one needs to use a slightly modied
R-matrix R˜12(z), whih diers from (3.1) by a suitable normalization fator:
R˜12(z) = τ(q
1/2z−1)R12(z) (3.8)




(qz−2; q4)∞ (q3z2; q4)∞
(3.9)
The funtion τ is periodi, τ(z) = τ(zq2), and R˜12(z) obeys a quasi-periodiity property:





(σ1 ⊗ 1) (3.10)
The rossing symmetry and the unitarity properties of R12 then allow one to exhange inversion and





















where i, j ∈ Z2 ≡ Z/2Z, enapsulated into a 2×2 matrix, and the funtions the L++ and L−− are even
while L+− and L−+ are odd in the variable z. One rst denes Aq,p(ĝl2) by imposing the following
relations on L(z):
R˜12(z/w, q, p)L1(z)L2(w) = L2(w)L1(z) R˜
∗
12(z/w, q, p) (3.13)
with L1(z) = L(z)⊗ 1, L2(z) = 1⊗ L(z) and R˜∗12(z, q, p) = R˜12(z, q, p∗ = pq−2c).
The quantum determinant of L(z) given by
q-detL(z) = L++(q
−1z)L−−(z)− L−+(q−1z)L+−(z) (3.14)
is in the enter of Aq,p(ĝl2). It an be fatored out, and set to the value q
c
2
(c being the entral
harge) so as to get
Aq,p(ŝl2) = Aq,p(ĝl2)/
〈
q-detL− q c2 〉 (3.15)
Note that it may be useful to introdue the following two matries:
L+(z) ≡ L(q c2z) and L−(z) ≡ σ1L(−p 12 z)σ1 (3.16)
They obey oupled exhange relations following from (3.13) and periodiity/unitarity properties of




























Quantum ellipti algebras and double Yangians 12
Remark 3.1 A further renormalization of the modes L¯n =
(− p 12 )max(n,0)Ln is required in order to
get the trigonometri quantum enveloping algebra Uq(ŝl(2)c) from Aq,p(ŝl2) when p→ 0. It ensures
the vanishing of half of the degrees of freedom in L±(z) and deouples ompletely L+(z) from L−(z),
thereby keeping the same overall dimensionality [46℄. It is therefore a non-trivial, disontinuous
proedure. 
Let us stress that at this level the Hopf struture of Aq,p(ŝl2) remains undetermined. Indeed, the
oprodut of the L(z) generators annot be dened by ∆(L) = L⊗˙L, sine the R-matries appearing
in the l.h.s. and in the r.h.s. of eq. (3.13) dier, the values of the ellipti nomes p and p∗ of the
ellipti funtions (3.2) entering in the denition of the entries of (3.1) and of the normalization fator
(3.3) being dierent. The answer to this fundamental question will be given in setion 3.1.4.
3.1.3 Generalization to Aq,p(ŝlN)
The R-matrix of the quantum ane ellipti algebra Aq,p(ŝlN), assoiated to the ZN -vertex model, is
dened as follows [18, 22℄:
R[Aq,p(ŝlN )](z, q, p) = ρ(z, q, p)
∑
(α1,α2)∈ZN×ZN
W(α1,α2)(ξ, ζ, τ) I(α1,α2) ⊗ I−1(α1,α2) (3.18)
where the variables z, q, p are related to the variables ξ, ζ, τ by
z = eiπξ , q = eiπζ , p = e2iπτ
The funtions W(α1,α2) are given by
































2τ + 2iπ(m+ γ1)(ξ + γ2)
)
(3.20)
and the matries I(α1,α2) by
I(α1,α2) = g
α2 hα1 (3.21)
the N×N matries g and h being given by gij = ωiδij and hij = δi+1,j , the addition of indies being
understood modulo N and ω = e2iπ/N .
Finally, the normalization fator ρ(z, q, p) is given by
ρ(z, q, p) =
(q2Nz−2; p, q2N)∞ (q
2z2; p, q2N)∞ (pz
−2; p, q2N)∞ (pq
2N−2z2; p, q2N)∞
(q2Nz2; p, q2N)∞ (q2z−2; p, q2N)∞ (pz2; p, q2N)∞ (pq2N−2z−2; p, q2N)∞
(3.22)
The matrix (3.18) is ZN -symmetri, that is
Rc+s , d+sa+s , b+s = R
c , d
a , b (3.23)
for any indies a, b, c, d, s ∈ ZN .
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Proposition 3.2 The R-matrix R̂(z, q, p) similar 2 to R(z, q, p) given by
R̂(z, q, p) = (g
1
2 ⊗ g 12 )R(z, q, p)(g− 12 ⊗ g− 12 ) (3.24)
satises the following properties:
YangBaxter equation: R̂12(z) R̂13(w) R̂23(w/z) = R̂23(w/z) R̂13(w) R̂12(z) (3.25)
unitarity: R̂12(z) R̂21(z
−1) = 1 (3.26)
rossing symmetry: R̂12(z)
t2 R̂21(q
−Nz−1)t2 = 1 (3.27)
antisymmetry: R̂12(−z) = ω (g−1 ⊗ 1) R̂12(z) (g ⊗ 1) (3.28)
One also introdues a modied R-matrix R˜12
R˜12(z, q, p) = τN(q
1/2z−1) R̂12(z, q, p) (3.29)
where







The R-matrix R˜12 obeys a quasi-periodiity property:









2 ⊗ 1) (3.31)
The funtion τN (z) is periodi with period q
N
, τN (q
Nz) = τN(z), and satises τN (z
−1) = τN (z)
−1
.




where i, j ∈ ZN ,
enapsulated into a N×N matrix:
L(z) =





LN1(z) · · · LNN(z)
 (3.32)
The algebra Aq,p(ĝl(N)) is dened by imposing the following relations among the L(z) generators:
R˜12(z/w, q, p)L1(z)L2(w) = L2(w)L1(z) R˜
∗
12(z/w, q, p) (3.33)
with L1(z) = L(z)⊗ 1, L2(z) = 1⊗ L(z) and R˜∗12(z, q, p) = R˜12(z, q, p∗ = pq−2c).









(ε(σ) being the signature of the permutation σ) lies in the enter of Aq,p(ĝlN). It an be fatored
out, and set to the value q
c
2
(c being the entral harge) so as to get
Aq,p(ŝlN) = Aq,p(ĝlN)/
〈
q-detL− q c2 〉 (3.35)
2
Two R-matries R(z) and R′(z) are said to be similar if R′(z) = (A⊗A)R(z)(A⊗A)−1 where A is a non-degenerate
operator in the representation spae V .
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3.1.4 Quasi-Hopf algebra struture for Aq,p(ŝlN)
Consider the ane Lie algebra ŝlN with Cartan basis H = {h0, . . . , hN−1, d} and dual basis H∗ =
{Λ0, . . . ,ΛN−1, c} where Λi are the fundamental weights, d the derivation and c the entral harge.
Let τ be the automorphism of order N related to the yli symmetry of the extended Dynkin
diagram of ŝlN : τ(xi) = xi+1 mod N where the xi's denote the Chevalley generators of ŝlN . One
denes



















(ϕk ⊗ id)(R̂−1) (3.37)
where
R̂ = qTR[Aq,p(ŝlN )] with T = 1
N
(






The arrow means that the produt has to be done to the left, i.e. . . .F3(r)F2(r)F1(r).
In ref. [48℄ the following theorem was proved:
Theorem 3.1 The vertex-type Drinfel'd twist F(r) =
←∏
k≥1
(ϕk ⊗ id)(R̂−1) satises the shifted oyle
ondition (hene it is a GNF twist)
F12(r) (∆⊗ id)F(r) = F23(r + c(1)) (id⊗∆)F(r)
Moreover, one has (id⊗ǫ)F(r) = (ǫ⊗ id)F(r) = 1.
The quantum ane ellipti algebra Aq,p(ŝlN) (where p = q2r) is a quasi-triangular quasi-Hopf algebra
with the universal R-matrix R˜(r) = F21(r)R12F−112 (r), where R is the universal R-matrix of Uq(ŝlN).
R˜(r) satises the shifted YangBaxter equation:
R˜12(r + c(3)) R˜13(r) R˜23(r + c(1)) = R˜23(r) R˜13(r + c(2)) R˜12(r)
Sketh of the proof (see [48℄ for the omplete proof). Fk(r) satisfy the following properties
(∆⊗ id)(Fk(r)) = F (23)k (r + c(1))F (13)k
(






























F (12)k (r) (3.41)
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Using equation (3.41), one an prove by indution the following relation
←∏
l≥k≥1
F (23)k (r + c(1)) (id⊗∆)
(F(r)) = ←∏
k≥1











F (23)k (r + c(1)) F (13)k
(





Letting then l →∞ and taking into aount (3.39), one reovers the shifted oyle ondition.
Finally, (id⊗ǫ)F(r) = (ǫ⊗ id)F(r) = 1 follows obviously from (2.2).
Let us notie that the vertex-type Drinfel'd twist is the (unique) solution of the linear dierene
equation
F12(r) = Ad(ϕ−1 ⊗ id)(F12(r)) · R̂−1 (3.43)
suh that (id⊗ǫ)F(r) = (ǫ⊗ id)F(r) = 1.
Example. Consider the two-dimensional evaluation representation of ŝl2 with evaluation parameter
z, in the prinipal gradation
πz(e1) = ze12 , πz(f1) = z
−1e21 , πz(h1) = e11 − e22
πz(e0) = ze21 , πz(f0) = z
−1e12 , πz(h0) = e22 − e11
(3.44)
The R-matrix of Uq(ŝl2) is this representation is given by [ompare with (2.20)℄
R[Uq(ŝl2)](z) = ρ(z2)












0 0 0 1
 (3.45)
where the normalization fator ρ(z) is given by (2.21).
One sets F (z; p) = Ad(zρ ⊗ id)F(r) (p and r being related as above). Using the expression (3.45) of
the R-matrix of Uq(ŝl2) and the denition (3.37) of the Drinfel'd twist, one gets [36, 37℄
F (z; p) = ρF (z; p)

aF (z) 0 0 dF (z)
0 bF (z) cF (z) 0
0 cF (z) bF (z) 0
dF (z) 0 0 aF (z)
 (3.46)
where
aF (z)± dF (z) = (∓p
1/2qz; p)∞
(∓p1/2q−1z; p)∞ (3.47)
bF (z)± cF (z) = (∓pqz; p)∞
(∓pq−1z; p)∞ (3.48)
and the normalization fator is
ρF (z; p) =




Now, omputing the produt F21(z
−1; p)R[Uq(ŝl2)](z)F12(z; p)−1, one reovers the expression (3.1)
of the R-matrix of Aq,p(ŝl2).
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3.2 The quantum ane ellipti algebras of fae type
3.2.1 R-matrix of the ane ellipti algebra Bq,p,λ(ŝl2)
The fae-type R-matries depend on the extra parameters λ belonging to the dual of the Cartan
algebra of the underlying algebra. Let {h, c, d} be a basis of the Cartan subalgebra of ŝl2. If r, s, s′
are omplex numbers, we set λ = 1
2
(s + 1)h + s′c + (r + 2)d. The ellipti parameter p and the
dynamial parameter w are related to the deformation parameter q by p = q2r, w = q2s. The
R-matrix of Bq,p,λ(ŝl2) is [32, 48℄
R[Bq,p,λ(ŝl2)](z, λ) = ρ(z; p)

1 0 0 0
0 b(z) c(z) 0
0 c¯(z) b¯(z) 0





























The normalization fator is
ρ(z; p) = q−1/2
(q2z; p, q4)2∞
(z; p, q4)∞ (q4z; p, q4)∞




The ellipti algebra Bq,p,λ(ŝl2) is then dened by
R12(z1/z2, λ+ h)L1(z1, λ)L2(z2, λ+ h
(1)) = L2(z2, λ)L1(z1, λ+ h
(2))R12(z1/z2, λ) (3.53)
3.2.2 Generalization to Bq,p,λ(ŝlN )
Let H be the Cartan subalgebra of the ane Lie algebra ŝlN , with basis {hi} and dual basis {h∨i },
and Π0 = {α0, . . . , αN−1} be the orresponding simple root system of ŝlN . We set λ = ρ + s1h1 +
. . .+ sN−1hN−1 + (r+N)d+ s
′c where ρ ∈ H is suh that (ρ, αi) = 1. The R-matrix of the quantum
ane ellipti algebra Bq,p,λ(ŝlN ) takes the following form (1 ≤ a, b ≤ N) [32℄:
R[Bq,p,λ(ŝlN)](z, λ) = ρ(z; p)
(∑
a
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where the Eab are the elementary N×N matries with entries (Eab)ji = δaiδjb, wab = qxa−xb , xa =
2sa − 2sa−1 with by onvention s0 = sN = 0.
The normalization fator ρ(z) is given by
ρ(z; p) = q−
N−1
N
(q2z; q2N , p)∞ (q
2N−2z; q2N , p)∞
(z; q2N , p)∞ (q2Nz; q2N , p)∞
(pz−1; q2N , p)∞ (pq
2Nz−1; q2N , p)∞
(pq2z−1; q2N , p)∞ (pq2N−2z−1; q2N , p)∞
(3.55)
The R-matrix of Bq,p,λ(ŝlN) used in [48℄ is obtained from (3.54) by a similarity transformation. It
reads












































3.2.3 Quasi-Hopf algebra struture for Bq,p,λ(ŝlN )

















(ϕk ⊗ id)(R̂−1) (3.58)
where R̂ = qTR and T =∑i hi ⊗ h∨i .
In ref. [48℄ the following theorem was proved:
Theorem 3.2 The fae-type Drinfel'd twist F(λ) =
←∏
k≥1
(ϕk ⊗ id)(R̂−1) satises the shifted oyle
ondition (hene it is a GNF twist)
F12(λ) (∆⊗ id)F(λ) = F23(λ+ h(1)) (id⊗∆)F(λ)
Moreover, one has (id⊗ǫ)F(λ) = (ǫ⊗ id)F(λ) = 1.
The quantum ane ellipti algebra Bq,p,λ(ŝlN) is a quasi-triangular quasi-Hopf algebra with the uni-
versal R-matrix R˜(λ) = F21(λ)R12F−112 (λ), where R is the universal R-matrix of Uq(ŝlN ). R˜(λ)
satises the dynamial YangBaxter equation:
R˜12(λ+ h(3)) R˜13(λ) R˜23(λ+ h(1)) = R˜23(λ) R˜13(λ+ h(2)) R˜12(λ)
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The proof follows the same lines as for the vertex ase. In partiular the equations (3.39) to (3.42)
have the same form with the replaement r → λ and c→ h.
Let us emphasize that the fae-type Drinfel'd twist is the (unique) solution of the linear dierene
equation
F12(λ) = Ad(ϕ−1 ⊗ id)(F12(λ)) · R̂−1 (3.59)
suh that (id⊗ǫ)F(λ) = (ǫ ⊗ id)F(λ) = 1. The importane of this equation will be pointed out in
the example just below.
Example. In the two-dimensional evaluation representation for ŝl2 in the homogeneous gradation
eq. (2.19), one sets F (z; p, w) = Ad(zρ ⊗ id)F(λ). Unlike the vertex ase, using the expression
(2.20) of the R-matrix of Uq(ŝl2), the innite produt (3.58) dening the fae-type Drinfel'd twist
annot be evaluated diretly. In fat, equation (3.59) is the only way to obtain the solution. In
the two-dimensional evaluation representation under onsideration, the linear dierene equation
beomes









2 )R12(pz; p, w)
(3.60)
Therefore, eah entry of F12(z; p, w) satises a dierene equation of hypergeometri type. One gets
nally
F (z; p, w) = ρF (z; p, w)

1 0 0 0
0 X11(z) X12(z) 0
0 X21(z) X22(z) 0
































and the normalization fator is
ρF (z; p) =
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Computing the produt F21(z
−1; p, w)R(z)F12(z; p, w)
−1
, where R(z) is the R-matrix of Uq(ŝl2) given
by (2.20), one reovers the expression (3.50) of the R-matrix of Bq,p,λ(ŝl2).
This example shows that the linear equation (3.59) indeed plays a ruial role. This kind of linear
equation was rst introdued in [20℄ in the ontext of omplex ontinuation of 6j symbols. It was
then exploited in [7℄ in the determination and the proof of onvergene of the dynamial Drinfel'd
twists for quantum groups based on nite-dimensional Lie algebras.
Remark 3.2 In the fae ase, the whole onstrution generalizes without diulty to any Ka
Moody ane algebra ĝ. H being a Cartan subalgebra of ĝ, one denes the Drinfel'd twist F(λ) by
formula (3.58), where R is the universal R-matrix of the quantum ane algebra Uq(ĝ). The proof
of the oyle ondition follows the same lines as in the Bq,p,λ(ŝlN ) ase. Hene one an dene a
quantum ane ellipti algebra Bq,p,λ(ĝ) for any KaMoody ane algebra ĝ.
One an notie that the situation is rather dierent in the vertex ase. Indeed, a yli automorphism
of the simple root system of ĝ of order r = rank ĝ arises in the denition of the vertex-type Drinfel'd
twist (3.37), whih exists only in the ŝlN ase. 
3.3 Degenerations of the quantum ane ellipti algebras
3.3.1 Saling limit proedures
The so-alled saling limit of an algebra will be understood as the algebra dened by the saling limit
of the R-matrix of the initial struture. It is obtained by setting in the R-matrix p = q2r (ellipti
nome), w = qs (dynamial parameter) and z = qu (spetral parameter) with q → 1, and r, s, u being
kept xed. The spetral parameter in the Lax operator is now to be taken as u (whih beomes
additive). The R-matries obtained from the saling limits of the R-matries of the quantum ane
ellipti algebras of vertex or fae type will be disussed in setion 4. It will be shown that the
orresponding algebrai strutures appear to be deformations of double Yangians, and that these
deformed double Yangians are indeed quasi-triangular quasi-Hopf algebras.
3.3.2 The Sklyanin algebra
The Sklyanin algebra [68, 69℄ is onstruted from Aq,p(ŝl2) taken at c = 0. The R-matrix (3.1) an
be written as
R(z) = 1⊗ 1 +
3∑
α=1
Wα(z)σα ⊗ σα (3.65)
where σα are the Pauli matries and Wα(z) are expressed in terms of the Jaobi ellipti funtions. A
partiular z-dependene of the L(z) operators is hosen, leading to a fatorization of the z-dependene
in the RLL relations. Indeed, setting
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one obtains an algebra with four generators Sα (α = 0, . . . , 3) and ommutation relations
[S0, Sα] = −iJβγ(SβSγ + SγSβ)
[Sα, Sβ] = i(S0Sγ + SγS0)
(3.67)
where Jαβ =
W 2α −W 2β
W 2γ − 1
and α, β, γ are yli permutations of 1, 2, 3. The struture funtions Jαβ
are atually independent of z. Hene we get an algebra where the z-dependene has been dropped
out.
3.3.3 The dynamial algebra Bq,λ(g)
Let g be a nite-dimensional omplex simple Lie algebra, with symmetrized Cartan matrix (Asymij )
and inverse Asym−1 = (dij). Let H be a Cartan subalgebra of g with basis {hi} and dual basis {h∨i }.
The positive root system Π+ of g is endowed with a normal ordering ≺, i.e. if α, β, α+ β ∈ Π+ and
[α, β] is a minimal segment ontaining α+β, one sets α ≺ α+β ≺ β. The universal R-matrix of the







where the arrow means that the produt has to be done with respet to the normal ordering ≺
dened on Π̂+ and the fators R̂γ and K are given by
R̂γ = expq−(γ,γ)
(
− (q − q−1)eγ ⊗ fγ
)
(3.69)




Let us enoune the following theorem.





where si are omplex numbers. The
linear equation in A⊗ A
F = Ad(φ−1 ⊗ 1)(F) K−1R̂K (3.70)
has a unique solution in (Uq(B+)⊗Uq(B−))c, with projetion 1⊗ 1 on (Uq(H)⊗2)c, where the super-
sript c denotes a suitable ompletion. It is expressed as








This solution satises the shifted oyle relation
F12(w)(∆⊗ 1)(F(w)) = F23(wqh∨
(1)
)(1⊗∆)(F(w)) (3.72)
with w = (w1, . . . , wrg) = q
s = (qs1, . . . , qsrg ) ∈ Crg , wqh∨ = (w1qh∨1 , . . . , wrgqh
∨
rg ) and h∨i =
∑
j dijhj.
Hene F(w) is a GNF twist.
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The twist F leads to the R-matrix R˜ = F21R12F−112 , whih denes the algebra denoted Bq,λ(g).
Elements of proof. Expanding the produt formula (3.68) with respet to a PoinaréBirkhoWitt
basis ordered with ≺, R̂ reads




m ⊗ fm (3.73)
where Z = Map(Π+,N) and Z∗ = Z \ {(0, . . . , 0)}. The term em (resp. fm) denotes an element of
the PBW basis of the deformed enveloping nilpotent subalgebra Uq(N+) (resp. Uq(N−)). Under the
assumptions of the theorem,




p ⊗ f r (3.74)
where the ϕpr(w) belong to C[[s1, .., srg , s
−1
1 , .., s
−1











In the above equation, γp is the element of the root lattie assoiated to e
p
. The salar produt


















Example. In the fundamental representation for g = sl2, we get for the expression of the twist
F (w) = 1⊗ 1 + w(q − q
−1)
1− w E12 ⊗E21 (3.77)
The R-matrix of Bq,λ(sl2) is then given by
R[Bq,λ(sl2)](w) = q−1/2










0 0 0 1
 (3.78)
3.3.4 Non-ellipti limits
Starting from the R-matrix of Bq,p,λ(ŝl2), and taking the limit p→ 0, one gets a R-matrix with still
a dynamial dependene, whih denes the algebra Uq,λ(ŝl2). It reads
R[Uq,λ(ŝl2)](z, w) = ρ(z)






(1− q2z)(1 − w) 0
0
(1− q2)(z − w)





0 0 0 1

(3.79)
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The normalization fator is
ρ(z) = q−1/2
(q2z; q4)2∞
(z; q4)∞ (q4z; q4)∞
(3.80)
This algebra an be seen as a dynamial version of Uq(ŝl2). This an be easily generalized to any
KaMoody (untwisted) ane algebra ĝ. The Hopf struture of these algebras Uq(ĝ) is determined
by the following proposition.
Proposition 3.3 The twist (3.71) applied to the universal R-matrix of Uq(ĝ) leads to the R-matrix
of a QTQHA denoted Uq,λ(ĝ).
Proof. Using the fat that Uq(g) is a Hopf subalgebra of Uq(ĝ), the twist (3.71) an be used to
onstrut the dynamial algebra Uq,λ(ĝ). Indeed, the twist F (3.71) seen as an element of Uq(ĝ)⊗2
satises the shifted oyle ondition, yielding a dynamial R-matrix
RUq,λ(ĝ)(w) = F21(w) RUq(ĝ) F−112 (w) (3.81)
Proposition 3.4 The evaluation representation of RUq,λ(ĝ)(w) for g = slN , is identied with the
p→ 0 limit of the evaluation representation of the ellipti Bq,p,λ(ŝlN) R-matrix (3.54).




















(1− wab)2 Eaa ⊗ Ebb
)
(3.82)




(q2z; q2N )∞ (q
2N−2z; q2N )∞
(z; q2N )∞ (q2Nz; q2N)∞
(3.83)
We reognize the limit p → 0 of the R-matrix (3.54). The R-matrix (3.82) satises the dynamial
YangBaxter equation (2.36).
4 Double Yangians and related strutures
4.1 Yangians
4.1.1 Denition of the Yangians
Let g be a nite-dimensional omplex simple Lie algebra and onsider g[u] = g⊗C[u], where C[u] is
the ring of polynomials in the indeterminate u (by misuse of language, we will all g[u] the half-loop
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algebra of g). g[u] is endowed with its standard bialgebra struture δ : g[u]→ g[u]⊗ g[u] dened by
(note that g[u]⊗ g[u] is isomorphi to (g⊗ g)[u, v] where v is a seond indeterminate)
δ(f)(u, v) =
[




where C is the seond order tensorial Casimir element of g assoiated to a given invariant bilinear
form on g (for example the Killing form).
Let C[[~]] be the ring of formal power series in the inderterminate ~. Then there exists a unique
quantization U~(g) of (g[u], δ) whih is a graded Hopf algebra over C[[~]], the gradation being dened
by setting deg ~ = 1 [26℄, i.e.













for x ∈ U~(g[u]) (4.3)
U~=1(g) is a Hopf algebra over C, whih is alled the Yangian of g and is denoted by Y (g). It has
been introdued by Drinfel'd in ref. [25℄.
There exists for the Yangian Y (g) three dierent realizations, due to Drinfel'd [25, 26, 27℄. In the
rst realization the Yangian is generated by the elements Ja0 of the Lie algebra and a set of other
generators Ja1 in one-to-one orrespondane with J
a
0 realizing a representation spae thereof. The
seond realization is given in terms of generators and relations similar to the desription of the loop
algebra as a spae of maps. However in this realization no expliit formula for the omultipliation
is known in general. The third realization is obtained in the FRT formalism.
4.1.2 FRT formalism for the Yangians
The Yangian Y (g) an be onstruted in the FRT formalism as follows.
Let U(R) be the algebra generated by the operators T ij(n), for 1 ≤ i, j ≤ N , n ∈ N, enapsulated into















and T ij(0) = δij , imposing the following onstraints on T (u)
R12(u− v) T1(u) T2(v) = T2(v) T1(u)R12(u− v) (4.5)
where R12 is a N×N matrix whih is a rational solution of the YangBaxter equation.








T ik(u)⊗ T kj(u) ; S(T (u)) = T (u)−1 ; ǫ(T (u)) = IN (4.6)
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In the ase of g = sl(N), the matrix R12(u) is given by




where IN is the N×N unit matrix and P =
∑N
i,j=1Eij ⊗Eji is the permutation matrix. The expliit
ommutation relations between the generators T ij(n) read (m,n ≥ 0)[
T ij(m+1) , T
kl
(n)
]− [T ij(m) , T kl(n+1)] = T kj(n) T il(m) − T kj(m) T il(n) (4.8)
The quantum determinant of T (u) dened by












where ε(σ) is the signature of the permutation σ, lies in the enter of U(R) [66℄. Moreover, the enter
of U(R) is generated by the oeients cn and one has ∆(q-det T (u)) = q-det T (u)⊗q-det T (u). The
Yangian Y (sl(N)) is then identied as the quotient algebra U(R)/〈q-det T (u)− 1〉.
In the ase of g = so(N) or sp(N), the matrix R12(u) take the form [2, 25, 64℄






where IN and P are dened as above and K =
∑N
i,j=1 ǫiǫjE¯ı¯ ⊗ Eji with ı¯ = N + 1 − i. For so(N),
ǫi = 1 for all i, while for sp(N) with N = 2n, ǫi = 1 if 1 ≤ i ≤ n and ǫi = −1 if n+ 1 ≤ i ≤ N . The




]− [T ij(m), T kl(n+2)] = 2[T ij(m+1), T kl(n+1)]− κ[T ij(m+1), T kl(n)]+ κ[T ij(m), T kl(n+1)]
+ T kj(n)T
il









(n) − T rj(m)T r¯l(n+1)
)− δjl¯ ǫr¯ǫ¯ (T kr¯(n)T ir(m+1) − T ir(m+1)T kr¯(m))) (4.11)
where m,n ≥ −2 and by onvention T ij(n) = 0 for n < 0.
The operators generated by C ij(u) =
∑
k ǫiǫkT
k¯ı¯(u− κ) T kj(u) are suh that C ij(u) = δij c(u). The
element c(u) lies in the enter of U(R) and satises ∆(c(u)) = c(u)⊗ c(u). It generates a Hopf ideal.
The Yangian Y (g) is then given by the quotient algebra U(R)/〈c(u)− 1〉.
4.1.3 Drinfel'd seond realization of the Yangians
The Yangian Y (g) is isomorphi to the assoiative algebra over C with generators ei,n, fi,n and hi,n
where i = 1, . . . , r (r is the rank of g) and n ∈ N, and dening relations
[hi,m, hj,n] = 0 [ei,m, fj,n] = δijhi,m+n
[hi,0, ej,n] = 2αijej,n [hi,0, fj,n] = −2αijfj,n
[hi,m+1, ej,n]− [hi,m, ej,n+1] = αij{hi,m, ej,n}
[hi,m+1, fj,n]− [hi,m, fj,n+1] = −αij{hi,m, fj,n}
[ei,m+1, ej,n]− [ei,m, ej,n+1] = αij{ei,m, ej,n}
[fi,m+1, fj,n]− [fi,m, fj,n+1] = −αij{fi,m, fj,n}
(4.12)
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and for i 6= j with nij = 1− Aij∑
σ∈Snij
[ei,mσ(1) , [ei,mσ(2), . . . , [ei,mσ(nij ), ej,n]]] = 0∑
σ∈Snij
[fi,mσ(1) , [fi,mσ(2), . . . , [fi,mσ(nij ), fj,n]]] = 0
(4.13)
where αij ≡ 12Asymij and (Asymij ) is the symmetrized Cartan matrix of g properly normalized, as
explained in setion 2.1.2.
Unfortunately the Hopf struture for this presentation of the Yangian Y (g) is not expliit and no
formula for the omultipliation of the generators ei,n, fi,n and hi,n is known in the general ase. In















the expliit formulae for the Hopf struture take the form [65℄




∆(f+(u)) = 1⊗ f+(u) +
∞∑
k=0




(−1)k(k + 1)(f+(u+ 1))kh+(u)⊗ h+(u)(e+(u+ 1))k
(4.15)
for the oprodut,
S(e+(u)) = −(h+(u) + f+(u+ 1)e+(u))−1 e+(u)
S(f+(u)) = −f+(u) (h+(u) + f+(u)e+(u+ 1))−1
S(h+(u)) =
(
h+(u) + f+(u+ 1)e+(u)
)−1 (
1− f+(u+ 1)(h+(u) + f+(u+ 1)e+(u))−1e+(u)) (4.16)
for the antipode, and
ǫ(e+(u)) = 0 ǫ(f+(u)) = 0 ǫ(h+(u)) = 1 (4.17)
for the ounit.
The link between the FRT formalism of the Yangian and the Drinfel'd seond realization of the
Yangian is given in the sl2 ase by the following Hopf isomorphism:
e+(u) 7→ T 22(u)−1 T 12(u)
f+(u) 7→ T 21(u) T 22(u)−1
h+(u) 7→ T 11(u) T 22(u)−1 − T 21(u) T 22(u)−1 T 12(u) T 22(u)−1
(4.18)
The orresponding result for the slN ase is rather umbersome and is expliited in [42℄. Note that
the Hopf struture (4.6) and the isomorphism (4.18)  or its generalization  allows one in priniple
to derive equations (4.15)(4.17). In pratie this seems tratable in the sl2 ase only.
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Remark 4.1 Following a remark of Drinfel'd [26℄, the ommutation relations (4.12) of the Yangian
an be obtained by the following onstrution, relying on the fat that Y (g) ≃ A/~A where A is
a suitable subsalgebra of Uq(ĝ)c=0 ⊗
C[[~]]
C((~)) and q = e~. Consider the Drinfel'd basis of Uq(ĝ)
(see setion 2.1.3) with generators Ki,n, X±i,n (with 1 ≤ i ≤ r and n ∈ Z) satisfying the ommutation
relations (2.16) and set C ≡ e~c = 1. One denes for n non-negative integer [the following alulations


































and H˜i,n(ℓ) = ~ H˜i,n+1(ℓ−1) + H˜i,n(ℓ−1) (4.20)
Then the ommutation relations between the generators X˜±i,n
(0)
and H˜i,n(0) (n ∈ N) in the quo-
tient A/~A are equivalent to the ommutation relations of the Yangian Y (g) with the identiation
X˜+i,n
(0) 7→ ei,n, X˜−i,n
(0) 7→ fi,n and H˜i,n(0) 7→ hi,n. 
4.2 Double Yangians
4.2.1 Notion of quantum double
Let A and A′ be two nite-dimensional Hopf algebras and R an invertible element of A ⊗ A′ suh
that
(∆A⊗ id)(R) = R13R23 (SA⊗ id)(R) = R−1
(id ⊗∆A′)(R) = R12R13 (id ⊗SA′)(R) = R−1
(4.21)
Then A′ ⊗ A is also a Hopf algebra with oalgebra struture given by (a′ ⊗ a ∈ A′ ⊗ A)
oprodut: ∆(a′ ⊗ a) = R23 ∆A′13(a′) ∆A24(a)R−123 (4.22)




(a′)⊗ SA(a)) R21 (4.23)
ounit: ǫ(a′ ⊗ a) = ǫA′(a′) ǫA(a) (4.24)
This Hopf algebra is denoted A′ ⊗
R
A.
Let A be a nite-dimensional Hopf algebra, Aop be the Hopf algebra with opposite multipliation
mop = m◦σ, Aop be the Hopf algebra with opposite omultipliation∆op = σ ◦∆ and A∗ be the dual
Hopf algebra of A. One denotes by {ai} a basis of A and by {a∗i } the dual basis of A∗. Consider the
element R ∈ Aop ⊗ A∗ given by R =
∑
i ai ⊗ a∗i . Then R satises (4.21). It follows that A∗ ⊗
R
Aop is
a Hopf algebra as desribed above.
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is a quasi-triangular Hopf algebra (isomorphi to
A⊗ (A∗)op as a oalgebra), alled the quantum double of A. The universal R matrix of DA is given
by the anonial element of A⊗ (A∗)op ⊂ DA⊗DA assoiated to the identity map A→ A.
Remark 4.2 In the ase where A is an innite-dimensional Hopf algebra (whih is the ase we
are hereafter interested in), one has to fae with some diulties [21℄. Indeed, when A is nite-
dimensional, the multipliation µ of A indues the omultipliation on A∗ by µ∗ : A∗ → A∗ ⊗ A∗ ⊂
(A⊗ A)∗. When A is innite-dimensional, it might happen that µ∗(A∗) 6⊂ A∗ ⊗ A∗, whih prevents
one from endowing the dual algebra A∗ with a anonial dual Hopf struture. One way to esape
this problem is to introdue the notion of (non-degenerate) pairing of two Hopf algebras. A Hopf
pairing 〈 , 〉 : A ⊗ A′ → C between two Hopf algebras A and A′ is a bilinear map suh that for all
a1, a2 ∈ A and a′1, a′2 ∈ A′
〈µA(a1 ⊗ a2), a′〉 = 〈a1 ⊗ a2,∆A′(a′)〉 〈a, µA′(a′1 ⊗ a′2)〉 = 〈∆A(a), a′1 ⊗ a′2〉
〈SA(a), a′〉 = 〈a, SA′(a′)〉 〈ǫA(a), a′〉 = 〈a, ιA′(a′)〉 〈ιA(a), a′〉 = 〈a, ǫA′(a′)〉
(4.25)
and 〈a1 ⊗ a2, a′1 ⊗ a′2〉 = 〈a1, a′1〉〈a2, a′2〉.
When A is nite-dimensional, eq. (4.25) is equivalent to have A′ = A∗. When A is innite-
dimensional, this is however a weaker statement.
In the ase of a quantum double, it may be onvenient to slightly modify these equations to work
with the opposite omultipliation on the seond Hopf algebra. 
4.2.2 Denition of the double Yangians
Although the Yangian Y (g) is a Hopf algebra, it is not quasi-triangular. In order to get a quasi-
triangular Hopf algebra, one has to onstrut the quantum double DY (g) of the Yangian Y (g). The
double Yangian DY (g) is generated by the generators ei,n, fi,n and hi,n where i = 1, . . . , r (r is the
rank of g) and n ∈ Z, satisfying the relations (4.12). It is onvenient to write the ommutation
relations of the double Yangian by introduing the following generating funtionals:

















and ei(u) = e
+
i (u)− e−i (u), fi(u) = f+i (u)− f−i (u). One gets
ei(u) ej(v) =
u− v + αij
u− v − αij ei(v) ej(u)
fi(u) fj(v) =
u− v − αij
u− v + αij fi(v) fj(u)
h±i (u) ej(v) =
u− v + αij
u− v − αij ej(v) h
±
i (u)
h±i (u) fj(v) =
u− v − αij







δ(u− v)h+i (u)− δ(u− v)h−i (v)
)
(4.27)
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and for i 6= j with nij = 1− Aij∑
σ∈Snij
[ei(uσ(1)), [ei(uσ(2)), . . . , [ei(uσ(nij)), ej(v)]]] = 0∑
σ∈Snij
[fi(uσ(1)), [fi(uσ(2)), . . . , [fi(uσ(nij)), fj(v)]]] = 0
(4.28)




The double Yangian DY (g) is desribed as follows [53, 60℄. Let Y ± be the algebras generated by the
generating funtionals e±i (u), f
±
i (u) and h
±
i (u). One has Y
+ = Y (g) ⊂ DY (g) and the dual with
opposite omultipliation Y (g)op ≃ Y − (more preisely a suitable formal ompletion of it). The Hopf
pairing between the generators of Y + and those of Y − is given by













u− v + αij
u− v − αij (4.29)
4.2.3 Universal R-matrix of the double Yangian DY (g)
Universal R-matrix for DY (sl2)
Being a quantum double, DY (g) is naturally endowed with a struture of quasi-triangular Hopf
algebra and admits a universal R-matrix. In the ase of DY (sl2), the following deomposition of the
universal R-matrix has been proved [60℄





exp(−ek ⊗ f−k−1) , RF =
←∏
k≥0




















Universal R-matrix for DY (slN)
In the ase of DY (slN), the same kind of deomposition of the universal R-matrix takes plae
R[DY (slN)] = RE RH RF (4.33)
Unfortunately, although the fator RH has been rigorously derived, the fators RE and RF remain




























Let Asym(q) be the quantum analogue of the the symmetrized Cartan matrix of slN , i.e. A
sym
ij (q) =
[Asymij ]q. The matrix C(q) is dened by C(q) = [N ]q (A
sym(q))−1. The operator T = exp(d/dx) is the
shift operator, Tf(x) = f(x+ 1).
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In order to write the expression of the fators RE and RF , one needs to x some notations. Let E
and F be the unital subalgebras of DY (slN) generated respetively by the generators ei,k (k ≥ 0)
and fi,k (k ≥ 0). Let Π and Π+ ⊂ Π be the root and positive root systems of slN and Π̂ =
{γ + nδ ,mδ | γ ∈ Π , n,m ∈ Z , m 6= 0} be the root system of ŝlN . One denes the following two
subsets of Π̂: ΠE = {γ + nδ | γ ∈ Π+, n ∈ N} and ΠF = {−γ + nδ | γ ∈ Π+, n ∈ N}. ΠE and ΠF are
equipped with two orderings <E and <F suh that
ξ1 <E ξ1 + ξ2 <E ξ2 if ξ1, ξ2, ξ1 + ξ2 ∈ ΠE and γ + nδ <E γ +mδ
ξ2 <F ξ1 + ξ2 <F ξ1 if ξ1, ξ2, ξ1 + ξ2 ∈ ΠF and − γ + nδ >F −γ +mδ
where γ ∈ Π+ and n < m.
By indution, for any root ξ = γ + nδ ∈ ΠE (resp. ξ = −γ + nδ ∈ ΠF ), one onstruts the roots
generators eξ ≡ eγ,n (resp. fγ,n) and e−ξ ≡ fγ,−n (resp. eγ,−n) by
eξ = [eξ1 , eξ2 ] and e−ξ = [e−ξ2 , e−ξ1 ] (4.35)
where ξ1 <E ξ <E ξ2 (resp. ξ1 <F ξ <F ξ2) and (ξ1, ξ2) is a minimal segment in the hosen ordering.








exp(−fγ,n ⊗ eγ,−n−1) (4.37)
where the arrows orrespond to ordered produts aording to <E and <F respetively.
Using the following N-dimensional evaluation representation with evaluation parameter u








πu(hi,k) = (Ei,i − Ei+1,i+1) (u+ 12(i− 1))k
the represented R-matrix of DY (slN) takes the Yang form up to a normalization fator
R[DY (slN)](u) = ρ(u)
( ∑
1≤a≤N









Γ1(u |N) Γ1(u+N |N)
Γ1(u+ 1 |N) Γ1(u+N − 1 |N) (4.40)
4.2.4 Central extension DY (g)c of the double Yangian DY (g)
The double Yangian DY (g) admits a entral extension DY (g)c [53℄. It is generated by the generators
ei,n, fi,n and hi,n where i = 1, . . . , r (r is the rank of g) and n ∈ Z, a entral element c and a grading
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operator d. In terms of the generating funtionals (4.26), the relations between the generators read
ei(u) ej(v) =
u− v + αij
u− v − αij ei(v) ej(u)
fi(u) fj(v) =
u− v − αij
u− v + αij fi(v) fj(u)
h±i (u) ej(v) =
u− v + αij
u− v − αij ej(v) h
±
i (u)
h+i (u) fj(v) =
u− v − αij − αijc
u− v + αij − αijc fj(v) h
+
i (u)
h−i (u) fj(v) =
u− v − αij






u− v + αij
u− v − αij
u− v − αij − αijc









δ(u− v − αiic)h+i (u)− δ(u− v)h−i (v)
)
(4.41)






















As the double Yangian DY (g), the entral extension of the double Yangian DY (g)c exhibits a stru-
ture of quantum double [53℄. Let Ŷ + = Y + ⊗ C[c] and Ŷ − be the semi-diret produt of Y − with
the ring C[[d]] of formal power series in d. Ŷ ± are Hopf algebras with ∆(c) = c ⊗ 1 + 1 ⊗ c and
∆(d) = d⊗1+1⊗d. The Hopf paring on Y +⊗Y − is uniquely extended onto Ŷ +⊗ Ŷ − by 〈c, d〉 = 1.
In the sl2 ase, the universal R-matrix of DY (sl2)c deomposes as
R[DY (sl2)c] = RE RH exp(c⊗ d) RF (4.43)
where RE , RF and RH are given by (4.31) and (4.32).
In the two-dimensional evaluation representation with evaluation parameter u, πev(u)(ek) = E12 u
k
,
πev(u)(fk) = E21 u
k
, πev(u)(hk) = (E11−E22) uk, πev(u)(c) = 0, the evaluated R-matrixR12(u1−u2) =(
πev(u1)⊗ πev(u2)
)R[DY (sl2)c] is identied with (4.39) with the normalization fator (4.40) (taking
N = 2). In the FRT formalism, DY (sl2)c is then dened by the relations
R12(u1 − u2)L±1 (u1)L±2 (u2) = L±2 (u2)L±1 (u2)R12(u1 − u2)














are two 2×2 independent matries, expressed














with u+ = u and u− = u−c. Furthermore, k±1 (u)k±2 (u−1) = 1 and one denes h±(u) ≡ k±2 (u)−1k±1 (u).
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4.3 Deformed double Yangians
4.3.1 Denition of the deformed double Yangian DYr(sl2).
Consider the R-matrix of Aq,p(ŝl2), and perform the saling limit q → 1, with z = qu, p = q2r,
keeping u and r xed. One obtains, up to a similarity transformation, the following R-matrix:
R[DYr(sl2)](u, r) = ρ(u, r)












0 0 0 1
 (4.46)
the normalization fator being
ρ(u, r) =
Γ2(r + 1− u | r, 2)2 Γ2(2 + u | r, 2) Γ2(u | r, 2)
Γ2(u+ 1 | r, 2)2 Γ2(r − u | r, 2) Γ2(r + 2− u | r, 2) (4.47)
where Γ2 is the multiple Gamma funtion of order 2 (see Appendix A).




, the deformed double Yangian DYr(sl2) is dened by
R12(u1 − u2, r)L1(u1)L2(u2) = L2(u2)L1(u2)R12(u1 − u2, r − c) (4.48)
4.3.2 The deformed double Yangian DYr(sl2) is a QTQHA
What is the status of this algebra? In fat, in the same way the quantum ane ellipti algebra
Aq,p(ŝl2) appears as a Drinfel'd twist of the universal quantum ane algebra Uq(ŝl2), we sketh
below how the deformed double Yangian DYr(sl2) an be obtained as a Drinfel'd twist of the double
Yangian DY (sl2)c, promoting DYr(sl2) as a QTQHA. For this purpose, one must prove that the
matrix (4.46) is indeed an evaluation representation of a universal R-matrix obtained as a Drinfel'd




1 0 0 0
0 1
2
(b+ + b−) 1
2
(b+ − b−) 0
0 1
2
(b+ − b−) 1
2
(b+ + b−) 0
0 0 0 1
 (4.49)
one has obviously M(a, b)M(a′, b′) = M(aa′, bb′) and M(a, b)−1 = M(a−1, b−1). The R-matrix of





, and the R-matrix of DYr(sl2) takes the







Γ1(r + u+ 1 | 2r)Γ1(r − u− 1 | 2r)







Γ1(u+ 1 | 2r)Γ1(2r − u− 1 | 2r)
Γ1(u− 1 | 2r)Γ1(2r − u+ 1 | 2r)
The normalization fator of DYr(sl2) being rewritten as ρr(u) = ρF (−u; r)ρ(u) ρF (u; r)−1 with
ρF (u) =
Γ2(u+ 1 + r | 2, r)2
Γ2(u+ r | 2, r) Γ2(u+ 2 + r | 2, r) , one obtains
R[DYr(sl2)] = F21(−u)R[DY (sl2)]F12(u)−1 (4.50)
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Using the notation (4.49), F12(u) is given by
F12(u) = ρF (u)M
(
Γ1(u+ r − 1 | 2r)
Γ1(u+ r + 1 | 2r) ,
Γ1(u+ 2r − 1 | 2r)
Γ1(u+ 2r + 1 | 2r)
)
(4.51)
This twist-like matrix reads






u+ 1 + 2nr




u+ 1 + (2n− 1)r





R(u+ 2nr)−1 τ(R(u + (2n− 1)r)−1) (4.52)
where τ(M(a, b)) = M(b, a), R is the R-matrix of DY (sl2)c and one uses the representation of ρF (u)





The automorphism τ may be interpreted as the adjoint ation of (−1) 12h0⊗1, where h0 is the Cartan














(−1)n2 h0 ⊗ 1
)
R(u+ nr)−1 (4.54)
Hene F is solution of the dierene equation
F12(u) = Ad
(
(−1)− 12h0 ⊗ 1
)
F12(u− r) · R12(u) (4.55)
Note that all the innite produts are logarithmially divergent. They are onsistently regularized
by the Γ1 and Γ2 funtions. In partiular, lim
r→∞
F = M(1, 1) = I4.
One imposes then the dierene equation at the universal level :
F12 = Ad(φ⊗ 1)(F12) · C (4.56)







Ad(φ−k ⊗ 1)(C−112 ) (4.57)
It an be proved along the same lines as eqs. (3.39) to (3.42) that F12(r) satises the shifted oyle
ondition.
Finally, one gets the following theorem [4℄:
Theorem 4.1 The Yangian-type Drinfel'd twist (4.57) satises the shifted oyle ondition
F12(r) (∆⊗ id)F(r) = F23(r + c(1)) (id⊗∆)F(r)
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The deformed double Yangian DYr(sl2) is a quasi-triangular quasi-Hopf algebra with the universal
R-matrix R˜(r) = F21(r)R12F−112 (r) where R is the universal R-matrix of DY (sl2). R˜(r) satises
the shifted YangBaxter equation:
R˜12(r + c(3)) R˜13(r) R˜23(r + c(1)) = R˜23(r) R˜13(r + c(2)) R˜12(r)
Remark 4.3 Note that the evaluated R-matries (3.45) and (4.46) are homothetial one the iden-
tiation q = eiπ/r and z = e2iπu/r is done. However they are used to onstrut distint algebras
whih dier fundamentaly in their struture. The R-matrix (3.45) is the evaluation of the universal
R-matrix of the Hopf algebra Uq(ŝl2), while the R-matrix (4.46) orresponds to the evaluation of the
universal R-matrix of the quasi-Hopf algebra DYr(sl2). In partiular, the normalization fators of
(3.45) and (4.46), whih are dierent, are related roughly speaking to the ontribution of the Cartan
part of the orresponding universal R-matries. 
4.3.3 Other presentation of DYr(sl2).
As it was said before, the R-matrix R[DYr(sl2)] obtained from the saling limit of the R-matrix of
Aq,p(ŝl2) diers from the R-matrix R[DYr(sl2)] given by Eq. (4.46) by a similarity transformation.
Indeed, one has
R[DYr(sl2)] = K21 R[DYr(sl2)] K−112 (4.58)
where







The Lax operators L and L assoiated respetively to the R-matries R[DYr(sl2)] and R[DYr(sl2)]
are onneted by L = V LV −1, implying an isomorphism between the two orresponding Yangian
strutures.







. Sine e0 and f0 lie in the undeformed Hopf subalgebra U(sl2) of DY (sl2), the
oprodut of g reads ∆(g) = g ⊗ g, so that
g1g2∆
F(g−1)F = g1g2Fg−11 g−12 (4.60)
where ∆ is the oprodut of DY (sl2) while ∆F is the oprodut of DYr(sl2).
The two-oyle g1g2∆
F (g−1) is a oboundary (with respet to the oprodut ∆F). In representation,
(4.60) is equal to the saling limit of the represented twist from Uq(sl2) to Aq,p(ŝl2).
It follows that [4℄
R[DYr(sl2)] ≡ g1g2∆F21(g−1) R[DYr(sl2)] ∆F12(g) g−11 g−12 = g1g2 R[DYr(sl2)] g−11 g−12 (4.61)
satises the shifted YangBaxter equation of Theorem 4.1.
To reover (4.58), it sues to use (4.60) and to remark that (πev ⊗ πev)(g ⊗ g) ommutes with
R[DYr(sl2)].
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4.3.4 Generalization to DYr(slN)
Denition of the deformed double Yangian DYr(slN)
We now onstrut the deformed double Yangian DYr(slN) [6℄. The R-matrix of the deformed double
Yangian DYr(slN) is obtained by taking the saling limit (q → 1 with z = qu and p = q2r and keeping
u, r xed) of the R-matrix of the quantum ane ellipti algebra Aq,p(ŝlN). One gets























the normalization fator ρDY r(u) being dened by
ρDY r(u) =
S2(−u | r,N)S2(1 + u | r,N)
S2(u | r,N)S2(1− u | r,N) (4.63)
where S2(x |ω1, ω2) is Barnes' double sine funtion of periods ω1 and ω2 (see Appendix A).
It is possible to simplify this matrix by a similarity transformation. Dening V ji = 1/
√
N ω(i−1)j

















e−2iπ(b−a)u/Nr for b− a ∈ {1, ..., N − 1}
where the matrix elements Rklij and S
kl
ij are related by











The deformed double Yangian DYr(slN) is a QTQHA
Inspired by the expressions obtained in the sl2 ase, one postulates [3℄ the linear equation (4.56) in











Ad(φ−k ⊗ 1)(C−112 ) (4.66)







eα(u) for any root α and
its oprodut is given by ∆(d) = d⊗ 1 + 1⊗ d (see [53℄).
The generator h0,ρ of DY (slN)c is suh that





Quantum ellipti algebras and double Yangians 35




is idempotent, sine all the salar produts (ρ, α) are rational.
As in the sl2 ase, equations (3.39) to (3.42) still hold and thus the innite produt (4.66) satises
the shifted oyle relation. The twist F(r) denes a QTQHA denoted DYr(slN) with universal
R-matrix R[DYr(slN)](r) = F21(r) R[DY (slN)c] F12(r)−1.
It remains to show that the orresponding evaluated R-matrix indeed oinides with the expression
(4.65). In the evaluation representation (4.38), the linear equation (4.56) takes the form
F (u) = (φ⊗ 1)−1F (u− r)(φ⊗ 1)R(u) (4.68)
where φ = diag(ωN−1, ωN−2, . . . , ω, 1).
The solution of (4.68) is expressed in term of hypergeometri funtions 2F1:






































and F aaaa (u) = 1 (the indies a 6= b run from 1 to N).
The twist F (u) applied to the R-matrix of DY (slN), eq. (4.39), provides the R-matrix R˜(u) of the
deformed double Yangian DYr(slN), eq. (4.65), the non-vanishing entries of whih are expressed in
terms of (4.64). The proof follows by a diret omputation using the properties of the hypergeometri
funtions 2F1.
This kind of onstrution an be generalized for any simple Lie algebra g.
4.4 Dynamial double Yangians
4.4.1 The dynamial double Yangian DYs(sl2)
Using the same kind of argument, it is possible to onstrut another deformation of the Yangian
DY (sl2), whih an be onsidered as a dynamial deformation, denoted by DYs(sl2). The orre-
sponding R-matrix reads:
R[DYs(sl2)](u, s) = ρ(u)














0 0 0 1
 (4.71)
ρ(u) being the normalization fator of the R-matrix of DY (sl2) and s is a omplex number. Atually
this matrix an be obtained as a saling limit of the quantum ane ellipti algebra Bq,p,λ(ŝl2) with
p = 0.
The algebra DYs(sl2) is then dened by the RLL-type relations
R12(u1 − u2, λ+ h)L1(u1, λ)L2(u2, λ+ h(1)) =
L2(u2, λ)L1(u1, λ+ h
(2))R12(u1 − u2, λ)
(4.72)
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Let us prove that DYs(sl2) is a QTQHA obtained from DY (sl2) by a Drinfel'd twist. To this aim,
one uses the fat that U(sl2) is a Hopf subalgebra of DY (sl2).
One rst onstruts a twist from Uq(sl2) to Bq,λ(sl2) [7, 13, 48℄ as follows. Introdue φ = qχ = q 12h2+sh




Ad(φk ⊗ 1) (R̂−1) (4.73)
where R = q− 12h⊗h R̂ is the universal R-matrix of Uq(sl2). The twisted R-matrix R˜12 = F21 R12 F−112
denes the algebra Bq,λ(sl2). The twist F satises the following dierene equation
F = Ad(φ−1 ⊗ 1)(F) · R̂ (4.74)
the solution of whih is preisely the innite produt (4.73).
Consider now the twist F ′ obtained from (4.73) by taking the limit q → 1 and keeping s xed. The
onsisteny of this proedure follows from the Hopf algebra identiation U~(sl2)/(~ U~(sl2)) ≃ U(sl2)









[(1 + k − s)1⊗ h]⊗ 1
)−1
en ⊗ fn (4.75)
In fat, the saling limit of the dierene equation (4.74) of the twist F leads to the following equation
for the twist F ′, obtained as the rst non-trivial order in ~ in (4.74):
[χ⊗ 1,F ′] = F ′r̂ (4.76)
where r̂ is given by R̂ = 1⊗ 1 + ~r̂ + o(~). This equation has a unique solution expressed either by
eq. (4.75) or by the innite produt (it an be heked diretly, order by order, that formulae (4.75)






1⊗ 1 + (χ⊗ 1)−1r̂
)
(4.77)
Finally, the following theorem holds [3, 5℄:
Theorem 4.2 The dynamial Yangian-type Drinfel'd twist (4.77) satises the shifted oyle ondi-
tion
F ′12(s) (∆⊗ id)F ′(s) = F ′23(s+ h∨(1)) (id⊗∆)F ′(s)
The dynamial double Yangian DYs(sl2) is a quasi-triangular quasi-Hopf algebra with the universal
R-matrix R˜(s) = F ′21(s) R F ′12(s) where R is the universal R-matrix of DY (sl2). R˜(s) satises the
dynamial YangBaxter equation:
R˜12(s+ h∨(3)) R˜13(s) R˜23(s+ h∨(1)) = R˜23(s) R˜13(s+ h∨(2)) R˜12(s)
In that ase, although the omputation is rather tedious, the proof of the shifted oyle ondition
an be done diretly by using the sum formula (4.75).
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4.4.2 Generalization to DYs(slN)
The previous onstrution an be generalized to the ase of slN without diulty [3℄. It follows the
same lines:
 onstrution of the twist F from Uq(slN) to Bq,λ(slN),
 one takes the saling limit of this twist onsistently from the Hopf algebra identiation
U~(slN)/(~ U~(slN)) ≃ U(slN) (4.78)
with q = e~,
 the saled twist F ′ an also be obtained in its universal form as an innite produt given by
(4.77), the matrix r̂ being the lassial limit of the matrix R̂ where R = q−dijhi⊗hj R̂ is the universal
R-matrix of Uq(slN ) and dij is the inverse of the Cartan matrix of slN .
In the fundamental representation for slN , the evaluated innite produt expression for F ′ reads




xa − xb Eab ⊗Eba (4.79)
Applied to the R-matrix of DY (slN) given in (4.39), this twist leads to the evaluated R-matrix of
DYs(slN):
R[DYs(slN)](u, s) = ρ[DYs(slN)](u)
(∑
a





























the normalization fator being ρ[DYs(slN)](u) = ρ[DY (slN)](u), see eq. (4.40).
4.4.3 The deformed dynamial double Yangian DYr,s(sl2)
Considering now the saling limit of the quantum ane ellipti algebra Bq,p,λ(ŝl2), it is possible to
onstrut a deformed dynamial double Yangian DYr,s(sl2) with the following R-matrix [5℄
R[DYr,s(sl2)](u, r, s) = ρ(u, r)

1 0 0 0
0 b(u) c(u) 0
0 c′(u) b′(u) 0
0 0 0 1
 (4.81)
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where
b(u) =
Γ1(r − s | r)2































and the normalization fator ρ(u, r) is given by eq. (4.47).
The algebra DYr,s(sl2) is then dened by the relations
R12(u1 − u2, λ+ h)L1(u1, λ)L2(u2, λ+ h(1)) =
L2(u2, λ)L1(u1, λ+ h
(2))R12(u1 − u2, λ)
(4.83)
In that ase, although the algebra an be dened through RLL relations, the status of this algebra
as a QTQHA, obtained by a Drinfel'd twist of DY (sl2)c, remains still open. However the interest of
this algebra is enfored by the following remark.
Remark 4.4 Considering the R-matrix of the DYr,s(sl2) algebra, eq. (4.81), and taking the limit
s→ i∞, one gets a non-dynamial R-matrix given by
R = ρ(u, r)












0 0 0 1
 (4.84)
where ρ(u, r) is the same as above.
In fat, this matrix an be obtained from the R-matrix (4.46) by a similarity transformation. This
similarity transformation an be onstruted as a Drinfel'd twist at the universal level. Considering
g′ = exp(h1/2r), one denes the following shifted oboundary
K12(r) = g′(r)⊗ g′(r + c(1)) ∆F(g′−1) (4.85)
where ∆F is the oprodut of DYr(sl2). It obeys a shifted oyle ondition
K12(r) (∆F ⊗ id)K(r) = K23(r + c(1)) (id⊗∆F ′)K(r) (4.86)
as a onsequene of
(∆F ⊗ id) ∆F(g′−1) = (id⊗∆F ′) ∆F(g′−1) (4.87)
with F ′23(r) = F23(r+c(1)). This last equation is the quasi-oassoiativity property for the oprodut
∆F .
Finally, the matrix K21(r)R[DYr(sl2)]K−112 (r) satises the shifted YangBaxter equation, and the
orresponding evaluated R-matrix oinides with (4.84). 
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Let H = {z ∈ C | Imz > 0} be the upper half-plane and Λτ = {λ1 τ + λ2 | λ1, λ2 ∈ Z , τ ∈ H}
the lattie with basis (1, τ) in the omplex plane. One denotes the ongruene ring modulo N by
ZN ≡ Z/NZ with basis {0, 1, . . . , N − 1}. One sets ω = e2iπ/N . Finally, for any pairs γ = (γ1, γ2)
and λ = (λ1, λ2) of numbers, we dene the (skew-symmetri) pairing 〈γ, λ〉 ≡ γ1λ2 − γ2λ1.











































where γ = (γ1, γ2) ∈ 1NZ× 1NZ and λ = (λ1, λ2) ∈ Z× Z.






(ξ + λ1τ + λ2, τ) = exp
(− iπλ21τ − 2iπλ1(ξ + γ2 + λ2)) ϑ[γ1 + λ1γ2 + λ2
]
(ξ, τ) (A.4)
Consider the usual Jaobi theta funtion
Θp(z) = (z; p)∞ (pz
−1; p)∞ (p; p)∞ (A.5)
where the innite multiple produts are dened by
(z; p1, . . . , pm)∞ =
∏
ni≥0
(1− zpn11 . . . pnmm ) (A.6)
It satises Θp(pz) = Θp(z
−1) = −z−1Θp(z).
The Jaobi theta funtions with rational harateristis (γ1, γ2) ∈ 1NZ × 1NZ an be expressed in






(ξ, τ) = (−1)2γ1γ2 p 12γ21 z2γ1 Θp(−e2iπγ2pγ1+ 12 z2) (A.7)
where p = e2iπτ and z = eiπξ.
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Multiple Gamma and Sine funtions
Γr is the multiple Gamma funtion of order r given by










ζr(x, s |ω1, . . . , ωr) =
∑
n1,...,nr≥0
(x+ n1ω1 + · · ·+ nrωr)−s (A.9)









. It has the following property
Γr(x+ ωi |ω1, · · ·ωr)
Γr(x |ω1, · · ·ωr) =
1
Γr−1(x |ω1, · · ·ωi−1, ωi+1 · · · , ωr) (A.10)
Multiple sine funtions of order r are dened by [15, 50℄
Sr(x |ω1, · · ·ωr) = Γr(x |ω1, · · ·ωr)−1Γr(ω1 + · · ·+ ωr − x |ω1, · · ·ωr)(−1)r (A.11)
They satisfy
Sr(x+ ωi |ω1, · · ·ωr)
Sr(x |ω1, · · ·ωr) =
1
Sr−1(x |ω1, · · ·ωi−1, ωi+1 · · · , ωr) (A.12)





and Barnes' double sine funtion of periods ω1 and ω2 is given
by
S2(x |ω1, ω2) = Γ2(ω1 + ω2 − x |ω1, ω2)
Γ2(x |ω1, ω2) (A.13)
One has the following properties
S2(x+ ω1 |ω1, ω2)












B Deformation of an algebra
Definition B.1 Let A be a Lie algebra over the eld C with braket [ · , · ]. A p-ohain is a p-
linear skew-symmetri map Cp : ∧pA → A. The Chevalley oboundary operator ∂ maps a p-ohain
to (p+ 1)-ohains as
∂Cp(u0, . . . , up) =
p∑
i=0






[ui, uj], u0, . . . , ûi, . . . , ûj, . . . , up
)
(B.1)
where ûi means that ui is omitted.
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It an be heked that ∂ satises ∂2Cp = 0. A p-ohain Cp is alled a p-oyle if ∂Cp = 0, i.e.
is an element of Ker∂. The spae of p-oyles is denoted Zp(A,A). A p-ohain Cp is alled a
p-oboundary if Cp = ∂Cp−1, i.e. is an element of Im∂. The spae of p-oboundaries is denoted
Bp(A,A). Sine ∂2 = 0, one has Bp(A,A) ⊂ Zp(A,A).
Definition B.2 Let Bp(A,A) and Zp(A,A) be the spaes of p-oboundaries and p-oyles with
respet to the Chevalley oboundary operator ∂. The quotient Hp(A,A) = Zp(A,A)/Bp(A,A) is
alled the p-th Chevalley ohomology spae.
The spae Hp(A,A) desribes the non-trivial p-oyles, i.e. oyles whih are not oboundaries.
One has H∗(A,A) ≡ ⊕pHp(A,A) = Ker∂/Im∂.
The theory of Chevalley ohomology is intimately related to the deformation of a Lie algebra. This
last notion has been preisely dened by Gerstenhaber [38, 39, 73℄.
Definition B.3 Let A be Lie algebra over the eld C and denote by C[[~]] the ring of formal series
in the parameter ~. A deformation of A is an algebra A~ over C[[~]] suh that A~/~A~ ≈ A. Two
deformations A~ and A′~ are equivalent if they are isomorphi over C[[~]]. A deformation A~ is
trivial if it is isomorphi to the original algebra A (onsidered as a C[~]]-algebra).
Let {ui} be the set of generators of a Lie algebra A with ommutation relations
[ui, uj] = f
k
ij uk (B.2)
Consider the deformation A~ of the enveloping algebra of A: there exists a new braket [ · , · ]~ suh
that






where the ϕp are antisymmetri bilinear maps taking values in A, i.e. Chevalley 2-ohains. Imposing
to the new braket [ · , · ]~ to satisfy the Jaobi identity, one gets the following onstraints (∂ denoting
the Chevalley oboundary operator):
















)) ≡ ψp(ui, uj, uk)
(p > 1) (B.5)
Therefore ϕ1 is a 2-oyle, while ϕp is determined by the ϕr with r < p, up to 2-oyles. Now, if
equation (B.5) is satised up to order p (i.e. the deformation is onsistent up to order p), one an
show by a diret alulation that the r.h.s. of (B.5) at order p + 1 is a 3-oyle: ∂ψp+1 = 0. If one
wants equation (B.5) to be satised at order p+1 (i.e. the deformation extends to order p+1), this
3-oyle must be indeed a 3-oboundary: ψp+1 = ∂ϕp+1. It follows:
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Proposition B.1 The third Chevalley ohomology spae H3(A,A) lassies the obstrutions to
deformations of a Lie algebra. In partiular, if H3(A,A) is the null spae, any 2-oyle of Z2(A,A)
leads to a deformation of A.
The question is now to lassify all non-equivalent deformations. Let A~ and A′~ be two deformations




suh that I([ui, uj]~) = [I(ui), I(uj)]′~.
A deformation at order 1 is trivial if the 2-oyle ϕ1 is in fat a 2-oboundary. Using similar
arguments as above, if two deformations are equivalent up to order p, they dier only by 2-oyles
whih are 2-oboundaries. If one wants to extend the equivalene at order p + 1, this imposes that
the 2-oyle at order p+ 1 is also a 2-oboundary. It follows:
Proposition B.2 The obstrutions to equivalene between deformations of a Lie algebra A lie in the
Chevalley ohomology spae H2(A,A). In partiular, if H2(A,A) is the null spae, all deformations
are trivial.
In the ase of Hopf algebras, one has to deal also with the deformation of the oprodut. If A
is a Hopf algebra with oprodut ∆, a deformation A~ is endowed with a deformed oprodut
∆~ = ∆ +
∑∞
p=1 ~
p∆p where ∆p are homomorphisms from A to A ⊗ A. As before, one has to
introdue suitable ohomologies (related to the algebra and the oalgebra strutures). See [21, 73℄
and referenes therein for more details.
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